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FRICTION ON A FLAT PLATE WITH HYDROGEN RELEASE

Greek symbols

,

Y
i
H“y

INTO A LAMINAR BOUNDARY LAYER

E. R. G. ECKERT, A. A. HAYDAY and W. J. MINKOWYCZ

Heat Transfer Laboratory, Mechanical Engineering Department,
University of Minnesota, Minneapolis, Minnesota, U.S.A.

Abstract—An analysis is presented for a two-component laminar boundary layer on a surface with zero
pressure gradient and with mass release. The system of partial differential equations describing the
velocity, temperature, and concentration field is converted by a similarity transformation into a
system of integral equations. Numerical solutions are obtained on electronic digital computers for air
flow with hydrogen injection, for Mach numbers 0 to 12, for free-stream temperatures 123 to 2000°R,
and for wall-to-free stream temperature ratios from  to 6. Solutions for the condition of zero tem-
perature gradient in the boundary layer at and normal to the wall surface lead to temperature recovery
factors. The results are utilized to investigate the validity and accuracy of engineering correlations pre-
sented in [15]. The proposed correlations describe the reduction in heat flux into the wall surface and in
skin friction reasonably well. No simple correlations have been found for the dependence of hydrogen
mass fraction at the surface on the mass release rate and for the temperature recovery factor. Values for
a free-stream temperature of 123°R show generally the largest deviations from the rest of the data.

NOMENCLATURE v, kinematic viscosity;
sound velocity; P density; .
local skin friction coefficient; Pes normalized mixture thermal capacity
specific heat at constant pressure; (cf Cm)}
dimensionless stream function; %oy  normalized pure-component thermal
enthalpy; capacity difference (¢,; — €p2)/Cpo0s
thermal conductivity; Qs noymalized mixture thermal conduc-
mass flow per unit area and time; tivity (k/ k«); o
heat flow per unit area and time; T normalized mixture viscosity (u/ucx);
recovery factor; Cps normalized mixture density (p/pw);
temperature; &, stream function.
veloc@ty component parallel to surface; 1y vensioniess parameters
velocity component normal to surface; . local skin friction coefficient,
co-ordinate along the body; u
co-ordinate normal to the body; (}L 5—) / (3 pooticc®) ;
diffusion coefficient; Y/ w

Le, Lewis number, o/D;
M, Mach number, u/a;
Pre,  Prandtl number, pwocC,_ /Keo;
r, temperature recovery factor,
(t, — t)/(t; — tx);
Re,, », Reynolds number, potioX/pe;
Re¥’, Reynolds number, p*'uox/u*’.

molecular weight of coolant gas;
molecular weight of pure air;
temperature ratio;

mass fraction of foreign gas.

thermal diffusivity;

ratio of specific heats; Subscripts
dimensionless wall distance; 1, refers to pure coolant;
dynamic viscosity; 2, refers to pure air;
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w, evaluated at wall conditions;
i, i~th component;
R, refers to radiation;
r, refers to recovery conditions;
0, outside the boundary layer;
0, at solid surface;
S, refers to solid wall;
t, refers to total state.
Superscripts
* evaluated at the reference tempera-

ture, equation (11).

1. INTRODUCTION

RECENT advances in high speed and space flight
technology have focused attention on the aero-
dynamic heating problem. The search for effec-
tive cooling methods for the protection of re-enter-
ing vehicles against the intense heat generated
by friction in the atmosphere has led to the
development of ‘“‘mass-transfer cooling™. This
name includes all methods in which a mass flow
of coolant gas is created from the cooled surface
into the hot boundary layer irrespective of the
particular way in which this mass is released. In
transpiration cooling, for example, the coolant
gas is ejected through a porous wall into the
boundary layer. In ablation cooling, the coolant
gas is produced at the surface by sublimation or
some chemical reaction of the wall material it-
self. In liquid film cooling, evaporation of a
liquid from the surface of a film covering the
cooled wall produces the coolant gas. The term
mass-transfer cooling focuses attention on the
conditions in the boundary layer itself and on
the way they are influenced by the mass release
at the surface.

An analysis of mass-transfer cooling thus has
to deal with boundary layer flow of a more com-
ponent—at least two component—gas mixture
composed of the fluid in the main stream and of
the coolant and has to investigate the momen-
tum, energy, and mass transport within this
layer. Such analyses were at first carried out with
the assumption that the fluid properties can be
considered as constant within the boundary
layer [1, 2). The results indicated that heat
transfer to the wall surface can be considerably
reduced by the “blocking effect” which the
coolant gas produced by moving away from the

wall surface. Subsequent calculations, which
considered the variations of the physical proper-
ties with composition and temperature, indicated
that gases with low molecular weight are espe-
cially effective as coolant, insofar as they pro-
duce the largest decrease of the heat flow into
the wall surface at a fixed coolant mass release
[3, 4, 5, 7}. Hydrogen, as the gas with the
smallest molecular weight, appears, therefore,
especially promising.

There are two types of flow which are well
suited for an analysis: plane or rotationally
symmetric stagnation flow and flat plate flow.
Results obtained for these are valuable since
they can be considered as limiting cases of the
behavior of boundary layers along the surface
of objects. exposed to a subsonic or supersonic
flow. Analyses for laminar boundary-layer flow
over a surface with constant pressure (flat plate)
and with hydrogen as coolant are reported in
[5, 7). Laminar stagnation-point flow hds been
treated in [8]. Numerical calculations in these
reports have been made for a temperature
outside the boundary layer which is close to
400°R. In the present paper. the calculations
are extended to a wide range of boundary con-
ditions including free-stream temperatures up
to 2000°R, keeping in mind that the results of
a “flat plate” analysis should also describe. with
good approximation, conditions for boundary
layers on slender objects or on blunt objects in
regions where the pressure gradients are small.
In such cases, the air outside the boundary layer
has passed at some upstream location through a
shock and has been heated to a high temperature,
especially in hypersonic flow. The results of the
analysis are used to investigate the validity and
accuracy of engineering correlations which have
been proposed in [15] and which are in wide-
spread use today.

It is assumed in this paper that no dissociation
or chemical reactions occur within the boundary
layer. Tn reality, such reactions will always be
present at the higher temperature levels. Their
inclusion in the analysis, however, is hampered
by insufficient knowledge of chemical reaction
kinetics and of the transport properties involved
and has been included in boundary layer analyses
only for gas mixtures with a Lewis number equal
or close to one, for example in [9]. This condition
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is, unfortunately, not too well fulfilled for
hydrogen-air mixtures. Therefore, only approxi-
mate estimates on the effect of reactions on the
heat transfer in such a boundary layer can be
made at present and more exact analysis has to
await the accumulation of more knowledge on
the above-mentioned parameters.

Only a few examples of the results of this
analysis can be presented in this paper. Com-
plete information will be contained in a later
publication.

2. ANALYTICAL FORMULATION
Basic equations
The equations for the steady, laminar, binary
mixture boundary layer on a surface with con-
stant pressure in flow direction (flat plate) may
be written as follows:

Continuity'
i ° (pu )+ % (pv) =0; ¢4)
Momentum:
cu ou e ou
pu-a—x+pv;,-y—@(ya—y) ~0; I
Diffusion:
oW 3W ¢ ow
v T T (p Dy ay) 0; (i)
Energy:
8 or 0 ot ou\?
POl T POl 67("6’}) —"(63)
ct oW
+ P D12 (Cl’ﬂ CDI) ay ay = 0 (IV)

These equations are based, apart from the
standard boundary layer arguments, on the
assumption that the mixture is inert and that
thermal diffusion is negligible. The physical
properties which enter into the equation system
(D to (IV) are assumed to be given functions of
mass concentration W and temperature ¢. The
specific formulas are discussed in detail in the
section on Physical Properties. All symbols
are defined in the List of Nomenclature.

The energy equation has been written in
various recent publications in enthalpy as
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dependent parameter rather than in tempera-
ture. This simplifies the equation considerably
for a gas mixture with a Lewis number equal to
one. It offers, however, no advantage for a gas
mixture with a different Lewis number. There-
fore, equation (I'V) is based on temperature.

W denotes the mass fraction of coolant gas
(hydrogen) released at the surface. In the
following numerical calculations, the main-
stream will be assumed to be air and the mass
fraction of coolant outside the boundary to be
zero.

Two sets of boundary conditions are con-
sidered. They differ only in the boundary
conditions imposed on the energy equation,
equation (IV), for which either the wall tempera-
ture or a temperature gradient zero in the fluid
at the wall is prescribed. Specifically, we state
the following:

fory=0: u=0
r=r,x)
ot
t=1,0r (5}’),--0 =0
for y > co: lim u(x,y) = uew = const.
lim W(x,y) =0
lim t(x,y) = to = const.

Whenever ¢t = t,, at y = 0 is imposed, we shall
speak of the cooled wall case. If (8¢/9y),— = 0
is imposed, we shall term this the recovery
situation.

On the assumption that at the surface the net
mass flow of air is zero, we obtain

0
(1 - Ww) Pulw = — Py me (_;;V)w- (l)

Thus, either W, or v, may be prescribed inde-
pendently, the other being determined by the
above side condition.

With the system of equations (I} to (IV), the
boundary conditions, and equation (1) the
problem is completely defined. This implies that
the way that the coolant mass flow leaving the
wall surface is created (by transpiration, ablation,
evaporation) has no influence on the boundary
layer development as long as the wall tempera-
ture, ?,,, and the injection parameter, v,, are
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prescribed. For a better understanding of the
parameters in which the results of the analysis are
presented, however, it is useful to consider, at
this time, a general energy balance on the inter-
face between the wall and the fluid, as shown in
Fig. 1. The wall may be a porous structure

(/OV)~ h"

Fic. 1.

through which the coolant gas is blown, or it
may be a solid at the surface of which the coolant
gas is generated by sublimation.

The net heat input, ¢, to the solid wall
material, is given for an i-component gas
mixture by the relation:

ot T oW,
qs; = (ka—y)w‘?' [LPDx?y‘hi]

i

+ (Pu)w hws - [Z (Pi hi) U]w — 4R

The above expression states that energy is
transported from the gas mixture to the interface
by conduction [k (ét/2y)] and by diffusion
(£ p D; (8W:/éy) h;].  Simultaneously, there

occurs an energy flux from the inside of the wall
towards the interface at the rate (pv), by, In
transpiration cooling this energy flux is trans-
ported by the coolant gas as it moves toward the
wall surface. In ablation cooling (pv),, is the rate
with which the interphase recedes into the solid
wall. The enthalpy h,, is equal to the enthalpy
of the coolant gas, as it passes the surface, for
transpiration cooling, and equal to the enthalpy
of the solid or liquid in ablation or evaporation
cooling. Finally, energy is transported away
from the interface by convection [Z (p;4;) v)

and radiation (gg). ¢, is the heat conducted
away from the surface in the solid wall material.
For the binary system at hand, the above
equation reads

MINKOWYCZ
ot 1714
q; = (k Eg’)w + [P D12 _2} (hl - 2)] .

+ (P0)w o — (P2 + Py ho) U] — ¢

The total mass fluxes of hydrogen (1) and air
(2) are given by

My = — (P Dy, Oai;l)w + Prw lw
and

Moy = (p Dy, o—a?;/)w + Pow vw = 0.
Hence

My = My, + May = (pU),
6W)
= U — D - .
Pre Lw (P 12 éy |

Substitution of these expressions into the above
equation yields

(ot , .
q4s = (k ”a}) — (o0) (hye — hus) — 4. (2)

The second term on the right-hand side vanishes
for transpiration cooling. The first term on the
right-hand side of equation (2) is determined by
the boundary layer equations and their boundary
conditions. It will be denoted by

at

0= [k5),
and is presented in the later part of this paper.
The rest of the terms in equation (2) depend on
the cooling method, on the radiative exchange
process, and on the temperature history of the
wall and has to be calculated from considerations
outside the scope of this paper.

In the recovery problem, by definition,

3)

o
q=—(k-t) = 0.

ay
A recovery factor r is also defined by
b=t T,—1
’—tg—'tu)——Tt—‘l (4)

The recovery factor is a parameter which was
found useful in the analysis of heat transfer
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from a high velocity gas to a solid surface, and
in transpiration cooling in a constant property
boundary layer {1].

Similarity transformation

We seek a class of “similar”
Introduction of the stream function
defined by

solutions.

and

satisfies the continuity equation identically.
The similarity variable

SNCIET

and the assumption

¥ = /(teo/veoX) f (m)

transforms the equations (If) to (IV) into the
following system:

&)

Momentum:
]+ )
— +f = 0; Y]
[(¢}l¢p /t(pp
Diffusion:
Wr ’ , . ,
(79;) W =0; am)
Energy:
l quT T ol
P,.w (‘Py ) + Pege ScW'T' + @ JT'

+Hom— )M, [(é—(’;)]’ —0. av)

The properties have been made dimensionless
by referring them to the respective property
outside the boundary layer. The temperature
ratio T = ¢/t has been introduced. The primes
denote differentiation with respect t6 %. The
equation system (II'), (II1"), (IV’), may also be
thought of as being obtained from (I) to (IV) by

a double transformation. One first introduces the
Blasius variable

wev (2

and transforms the resulting set of equations in
78 a second time by introducing

ng 1
=] —d
n J 9, 7B-

The result, with the proper reinterpretation of
£ (n), is again the equation system (II') to (IV’).
The boundary conditions become:

forn=0:f" =
f = f, = const.,
W = W,

T =T,orT' =0,
forp—> o:limf’ =2,
lim W =0,
Im7T =1
The side condition, equation (1), transforms to

Wl
fw SCw (1 - w) (7)

Again it should be noted that either f, or W,,
may be prescribed independently, but not both.

Equations (II') to (IV’') comprise a set of
nonlinear ordinary differential equations which
must be solved simultaneously satisfying one of
the sets of boundary conditions given above.
The interdependence between (II'), (IIT") and
(IV"), is strongly affected by the particular
choice of property relations. For example,
if the properties were assumed constant, (II")
could be solved independently of (III") and
(IV’). The solution of (II') would then be used
to solve (IIT') and (IV'). Such procedure is
evidently especially simple. For this reason, one
seeks forms of the similarity variable » which
give, in the final working equations (II"') to
(IV"), combinations of properties as little
dependent of local mass concentration and tem-
perature as possible. This appears to be accom-
plished with the choice of n used in this paper at
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least for light-weight gases such as hydrogen or
helium, In fact, the energy equations in the
integral form (equations IV” and IV’ are in
this way effectively uncoupled from the remain-
ing equations since the property combinations
are only mild functions of temperature. The sets
of equations thus tend to behave as if the
momentum and diffusion equations formed a
simultaneous system with an independent energy
equation.

3. METHOD OF SOLUTION
The equation system (II) to (IV’) may be
written as a set of integral equations. For the
cooled wall one obtains:

Momentum:
i) = Cpp, 3 exp(— I fdn")dy', (A1)
fo) =fu+ 3 fdn's

Diffusion:
W(n) = C, [7 Scexp(— f3 Scfdn™)dy'; (11"

Energy:

Tl = T + csj % exp(— f5 Ady")dof
"e‘(p ,

“f Lexp(— [§ Ady")
o ¥k

[J.g, g exp (J’?)“A dn”’) d"]”] an'
In these equations, A(n) and g(x) are defined as

v

M) = ProZ (s + P2 w)

and

gl) = Prec{i (o — 1) M3 [(j;ap)] }

The constants C,, C;, Cy are obtained from the
conditions at infinity:

2
JYexp(— 7' fdn")ydn’
T @ Scexp(— [V Scfdyydy' "

Cy =

G

=T+ f Pk exp (— 3’ Adn")
o Fr
U gexp (3" Ady™) dn”1dn'?

S Prexp (— J§ Ay dy
o P

C3=

If the conductive heat flux at the surface is
zero, equations (I1"), (III'") remain unchanged.
The energy equation (IV"} is replaced by

3 (’y; L,
T=T, -J —rexp (= J§ Adq")
o Pr

g gexp (f3" Adn™ydy"1dy’ IV

where
T Rk I
T,f,.—}w—j ~Lexp{— i1 Ady)
o Fr

[f3 gexp (Jy Ady™) dy"]dy'.,

The equation systems (II''} to (IV") or (IT'),
(") and (IV'") are now solved by successive
approximations.

For cooled wall calculations, a straightforward
iterative technique is satisfactory. The procedure
is the following. Let the boundary layer profiles
Wo Ty, fo and the blowing parameter f,,, be the
initial approximations. Substituting these into
the right-hand side of equations (II''), (I1T"),(IV™)
and utilizing equation (7) yields the next set of
values W1, T, f)'. fu- This cycle is repeated
until

e Wi — W dnj <3 )
He(Timn—T)dn < 8 | ®
e (fin—fi)dn| <8 j

e (feesy — fed dnf < 8

where 8 was arbitrarily taken as 10-% The sub-
script { denotes here the /-th iteration. It may be
shown that the uniform convergence of the
above integrals constitutes a sufficient condition
for the convergence of the integral equations.
In the recovery problem, the solution method
is modified as follows. Let Wy, Ty, £, fus, be the
set of initial values. Then the equations (II'"),
(1), (IV'"), together with equation (7), yield
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the set of values Wy, T, fi', fun. We consider W,
fi's fun to be the next approximations. The new
approximation to T, however, is not T, but a

certain perturbed set of values, T1®‘ given by
T1@ =Ty + olTy — Ty).

The function ¢ was taken as a positive constant
¢ = 03 for all calculations. This procedure
yielded rapid convergence even for “very bad”
initial guesses. Without this modification, the
iteration method exhibits occasionally some
instability. When it occurs, depends on the
deviation of the initial guesses from the final
results.

The numerical calculations were performed on
a2 Remington Rand 1103 digital electronic
computer.

4. PHYSICAL PROPERTIES

Detailed derivations of the various relation-
ships determining transport properties of multi-
component gas mixtures as functions of mass
concentration and temperature are described in
{10, 11}. In this paper, we shall merely state the
main assumptions regarding the properties
appearing in the previous equations and sum-
marize the working formulas. The subscript 1
in these relations refers to the injected hydrogen
and subscript 2 to air.

(1) Mixture Schmidt number, Sc = v/Dy,, is
assumed dependent on T only and is calculated
according to [10].

(2) Pure component thermal capacities, ¢, and
2. Were selected from [12, 13].

(3) Mixture viscosity ratio, ¢,, is calculated by
Wilke's method [11] with the following formula:

_ P/
¥u= I—W
1+04m7( 7 )

Ha/pa
W

The pure component viscosities, u, and p,, are
taken from NBS-NACA tabulation, [13]. Some
extrapolation to higher temperatures was neces-
sary in a few cases.

~+

(4) Mixture conductivity ratio, gy, is calculated
by Enskog’s method, [10, 11] as follows:

_ kyfay + kafag + 0-289 /(Kyky)/ey0e

T = -
(I _ 00209) .
0yQg
where
a; = 1 + 0-1886 (L"TW«W-)

The pure component conductivities, k; and k.,
are calculated by Hirschfelder’s method [10].

(5) Mixture density ratio, ¢,, is calculated
assuming perfect-gas behavior for each com-
ponent as

fo
Y= T 35

(6) Mixture thermal capacity ratio, ¢, is cal-
culated for perfect gases as

ge=B W+ (W)
Cpo Cpeo

The properties used in the present analysis do
not include the effect of dissociation and
chemical reactions. This had been done, because
such effects are excluded from the whole analysis
and since it is actually easier to generalize the
results to a situation in which chemical reactions
occur when transport properties excluding these
effects have been used. More will be said about
this point in the section on engineering
correlations.

5. RESULTS

The following range of the parameters on
which the calculations depend has been selected:

0 We<08, 05<T,<6 0< Mo<12,
123° < to < 2000°R.

The low free-stream temperatures are indicative
of high speed wind-tunnel tests. It is believed
that the results of the present analysis provide
also a good approximation to laminar boundary
layers on flying objects in regions with small
pressure gradient. On such objects, however, the
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air outside the boundary layer has passed a
shock and is, therefore, heated to considerable
temperatures. For this reason, the higher values
of t have been included.

Some of the skin friction results are presented
in Figs. 2 and 3. The subscript zero refers to a
pure air boundary layer on a solid wall (W,, = 0).

The coefficient ¢, is defined in the standard way
as

One observes a marked reduction of the skin

1-0 T i
\\\ . Constant properties, Sc = Pr=07 -
. 4
’m
- 2000°R
1000
- 1000
Qs 1000
123
cT T
i I
o 02 0-4 06 o8 0
WW
FiG. 2. Hydrogen-air, T\, = const.
1-0 = T I
\\\ Constant properties, Sc =Prs 0.7 te = 2000°R
~] {Ref.2) ty = 05
\\~
0-8 ‘\
~
~
~
~
>N
06 N >
Sle®
04
0-2
o} 0?2

Fic. 3. Hydrogen-air, T, = const.
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friction even for small hydrogen mass fraction
at the wall. The reduction is larger for low values
of the free-stream temperature and large values
of the wall temperature, whereas the influence of
Mach number is comparatively small. The
dashed lines present the results of a calculation
which assumes the properties to be constant and
to Have the same value for the main-stream fluid
and for the coolant. Such calculations will
approximate, for instance, situations with small
Mach number, small differences between wall
and free-stream temperature and with a coolant
gas with properties not too different from those
of the main-stream fluid. It is interesting to note
that the reduction of the friction factor is, in this
case, considerably smaller, especially at small
values of the wall concentration.

Figures 4 and 5 present corresponding infor-
mation on heat transfer to the surface. The heat
flux, g, is defined in equation (3). It will be noted
that the dependency of the heat-flux parameter,
q/q,, on the various boundary conditions is
qualitatively the same as the one of the friction
factor. Quantitatively, the parameters have a
somewhat stronger influence on heat transfer
than on wall friction.

Figure 6 presents the relation between the
mass release parameter, f,, and the coolant
concentration, W,, at the wall surface. It may

25

be observed that especially the level of the free-
stream temperature has a strong influence on
this relation and that its character is quite
different for hydrogen injection than for the
constant property situation.

A recovery factor r has been defined by
equation (4). The ratio of this recovery factor
with hydrogen injection to the recovery factor,
re» on a solid wall is plotted in Fig. 7 as a function
of the coolant concentration, W,, at the wall
surface. It is evident that the level of the free-
stream temperature has a strong influence on the
recovery parameter, r/r,. For a free-stream
temperature of 123°R, hydrogen injection
increases this parameter above a value one.

6. ENGINEERING CORRELATIONS
Gross et al. [15] systematically compiled all
information which was available at that time for
a number of coolant gases and derived empirical
relations for skin friction and heat transfer in a
binary boundary layer on a “flat plate”. With
some minor modifications, these equations are:

1/8
1208 (2{—{3) Pl = VRer ()
7o 1
T 11 82( ) ”"’""’ “ y/Ret.  (10)
9o M,

_—

( Ref. 2)

| -Constont propcn'ues. Se=Prz07 17 \

-

0-6

M

L]
|
i
! 2,
0.2 |
|
i
0 o2

FiG. 4. Hydrogen-air, 7,, = const.
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FiG. 5. Hydrogen-air, T, == const.

The star in these equations indicates that the
corresponding property has to be introduced at
a reference temperature

t* = tn + 05ty — to) + 022 (1,5 — 1) (11)

where the term ¢, indicates the recovery tem-

22, In ’392 °R
) 05 ZOOO’R
N-l IOOO'R

0:30

0-25

6.392°R

0-20 392°R
L8 i
& it8,2000°R |
& ;
Sl 015 z
< 8 :
S |

1 040

Constent properties, Sc=Pr=0.7
{Ref.2)

~

0-05

4’
i
!
|
¢

Q Q-2 Q-4 016 O
Ww
Fic. 6. Hydrogen-air, 7, = const.

perature of a solid surface without mass injec-
tion but with, otherwise, identical boundary
conditions. All properties in equations (9) and
(10) are those for air. M, is the molecular
weight of the coolant gas and M, the molecular
weight of air.

Only results of calculations with a free-stream
temperature of 392°R were available at the time
when the report [15] was prepared. The analysis
in the present paper extended this parameter
over a wide range of temperatures. It was,
therefore, used to check the accuracy of the
above correlations. Figs. 8 and 9 contain the
results of our analysis as points, the symbols of
which are explained in Table 1. Equations (9)
and (10) are indicated as dashed lines, and
dashed-dotted lines represent two other correla-
tions which have been developed in [15] speci-
fically for hydrogen as a coolant. The two
figures indicate that the general correlations
(9) and (10) somewhat underestimate the
reduction in friction factor as well as in heat
flux, whereas the specific correlations for
hydrogen average the results of the present
analysis quite well. The deviations from this
relation are somewhat larger for the heat flux
than for the skin friction. The relation between
the mass release parameter, f,, and the mass



Fig. 8. Hydrogen—air, Ty, = const.

fraction, W,, of the coolant at the wall surface is
presented in Fig. 10. A correlation proposed in
[15]) is indicated in the figure as a solid line.
Another solid line connects the analytical
results for a free-stream temperature of 123°R.
The correlation proposed in [15] gives a reason-
able approximation to the analytical results
when the values for the free-stream temperature
123°R are excluded.
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In summary, it can be stated that equations
(9) and (10) approximate the real conditions
with an accuracy which is probably sufficient for
many engineering calculations. The actual
reduction in friction factor and in heat flow with
hydrogen as coolant is in an average by approxi-
mately 20 per cent larger than the one predicted
through these equations. A single correlation as
indicated in Fig. 10 can also serve as a reasonable
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Table 1. Cooled wall
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Fic. 10. Hydrogen-air, T, = const.

approximation to the relation between mass
release parameter and coolant mass fraction at
the wall when free-stream temperatures below
approximately 300°R are excluded.
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Résumé—Cet article présente une étude de couche limite laminaire & deux constituants sur une surface
avec gradient de pression nul, et avec perte de masse. Le systéme d'équations aux dérivées partielles
donnant la vitesse, la température et le champ de concentration est transformé par similitude en un
systéme d’équations intégrales. On a obtenu des solutions numériques & I'aide d’une calculatrice élec-
tronique, pour un écoulement d’air avec injection d’hydrogéne pour des nombres de Mach de 0a 12, des
températures de I'écoulement libre de 123 3 2000°R et pour des rapports de température paroifécoule-
ment libre de § & 6. Les solutions dans le cas d'un gradient de température nul dans la couche limite et
normal a la paroi, conduisent aux facteurs thermiques pariétaux. Les résultats sont utilisés pour
étudier la validité et la précision des relations de caractére technique présentées en [15]. Les corréla-
tions proposées décrivant assez bien la réduction du flux vers la paroi, et du frottement. Aucune
corrélation simple n’a été trouvée pour I'influence de la fraction de masse d"hydrogéne a 1a surface sur
le taux de perte de masse, et pour le facteur thermique pariétal. Les valeurs obtenues pour une tem-
pérature d'écoulement libre de 123°R différent beaucoup des autres.

Zusammenfassung —Die laminare zwei Komponten-Grenzschicht an einer Oberfliche ohne Druck-
gradienten und mit Stoffzugabe wird analysiert. Das System der partiellen Differentialgieichungen,
die das Geschwindigkeits-, Temperatur- und Konzentrationsfeld beschreiben, ist durch Ahnlichkeits-
transformation in ein System von Integralgleichungen iibergefiihrt. Elektronische Digitalrechen-
maschinen lieferten die numerischen Losungen fiir eine Luftstrémung mit Wasserstoffzugabe bei
Machzahien von 0 bis 12, Freistromtemperaturen von 68 bis 1100°K und Temperaturverhiltnissen von
Wand- zu Freistromtemperatur von } bis 6. Die Losungen fiir die Bedingung eines Temperatur-
gradienten Null in der wandnahen Grenzschicht und senkrecht dazu fithren auf Temperatur-Riick-
gewinnfaktoren. Mit Hilfe der Ergebnisse wird gepriift wie weit die in [15] gegebenen Gebrauchs-
gleichungen giiltig und wie genau wie sind. Die dort vorgeschlagenen Beziehungen beschreiben die
Abnahme des Wirmeflusses in die Wandoberfliche und die Oberflichenreibung verhiltnismissig gut.
Fiir die Abhdngigkeit zwischen Wasserstoffanteil an der Wand und Stoffzugabe und fiir den Tem-
peratur-Riickgewinnfaktor konnten keine einfachen Beziechungen gefunden werden. Die Werte fiir
die Freistromtemperatur 68°K zeigen durchwegs die grossten Abweichungen von den anderen
Ergebnissen.

Ansoramna—PaccmaTpuBaeTc JABYXKOMMOHERTHLII AaMUHADHHHE porpanudHuit ciolt na
NOBEPXHOCTH TP OTCYTCTBHI I'DafiMeHTa JIaBJleHHA B Npu nopave macew. Cucrema amddepe-
HIMAJbHHX YPABHEHHI B YacTHHIX NPOM3BOIHKX, ONUCHIBAIOIMX NOJA CKOPOCTH, TEMAEpa-
TYPH M KOHUEHTDAINM, CBENEHA K CHCTeMe MHTerpajibHMX ypaesemmit. Ha snewrponmmo-
BHIYMCIMTEIPHBIX MAlIHHAX MOJY4eH bl YNCICHHHEe pelieNna And HOTOKS BO3KYXa C BIYBaHUeEM
BOOpONa Huf unuces Maxa or 0 zo 12, Temneparyp ceoGomHoro noToka oT 123 go 2000°R n
oTHOWeEHN TeMnepaTyp cBoGoANOTO NHOTOKa M CTeHKM OT % fv 6. PemleHus npy YCAOBMM
P4BEHCTBA HY.I0 TONEPEeYHOro TPAAMEHTA TCMIEPATyphl Ha CTEHKE J3AI0T BOBMOMHOCTL
BHYHCIMTL Koa(hOUIMEHTH BOCCTAHOBIICHNA TeMIepaTypul. PesynbhTaTh HCOOINB3YKTCA 1A
NPOBEPKHI CHPABEAANBOCTH M TOYHOCTH HHMeHepHHX QopMys, npuBefeHRHX B paborte [15].
Ipensosxkennste QOPMYIH TMO3BOJNAIT BHYMCAMTE YMEHBHICHHUE TENJIOBOrO MOTOKA B CTEHKY
i, CIEJOBATENbHO, ONPeReNT: YMeHbIIeBMe NoBepxHocTHOrO Tpenua. Ho emé ne ymamocs
TMOJIYYUTL NPOCTON 33BUCHMOCTH KOBHEHTPALMK BOJOPORA HA NOBEPXHOCTH OT CHOPOCTH
BAYBaHufA, a Takme wopdPUIMEHTA BOCCTaROBJIGHMA TeMmepatypH. JlnA Temnepatyps
crofonnoro noroxa 123°R nmeior MecTo caMue 0ojbHINle OTKJIOHEHMA OT BCeX OCTANBHHX
BaHHBIX.



